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Abstract 

An idea of the deformed boson scheme developed by the present authors is applied 
to the case of boson-pair coherent state. In this state, even and odd boson number 
difference is stressed and various concrete examples of the boson-pair coherent states 
are shown. Concerning some of them, mutual relations are investigated in connection 
to the su(l, l)-algebra. A formulation in terms of the MYT boson mapping is also 
performed. 
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1. Introduction 



It may be interesting for theoretical studies of many-body systems to investigate time 
evolution of quantal systems described in terms of boson operators. To complete this task, 
the time-dependent variational method is quite powerful. In this case, the first task is to 
prepare a trial state containing variational parameters. For boson systems, conventional 
boson coherent states may be of the simplest and the most popular form. However, the use 
of the conventional boson coherent states does not always give us satisfactory results. For 
example, recent numerical analysis performed by the present authors shows that, compared 
with certain deformed boson coherent states, the conventional one gives us rather poor 
results. ^ This numerical analysis has been performed along the proposal of the deformed 
boson scheme by the present authors. 2 ) " 5 ) Following the idea by Penson and Solomon, 6 ) our 
starting idea was presented in Ref.2). Especially, multiboson coherent state was discussed 
in Refs.2)-4). Using the MYT boson mapping 7 ) together, the multiboson coherent state is 
formulated in the framework of the deformed boson scheme presented in Ref.2). 

In Ref.4), the boson-pair coherent state, that is, the simplest multiboson coherent state, 
is formulated in the framework in which not only boson-pairs but also unpaired boson are 
taken into account. Of course, the system adopted there consists of one kind of boson 
operator (c, c*). Further, as was already mentioned, the MYT boson mapping is used and 
two contrastive boson-pair coherent states are discussed. These two boson-pair coherent 
states were extended to the case consisting of two kinds of boson operators. ^ Therefore, it 
may be interesting to investigate other forms of the boson-pair coherent states. 

Main aim of this paper is to investigate systematically various forms of the boson-pair 
coherent states including two forms discussed in Ref.4). Further, we formulate our idea in 
the framework of the original boson space. In other words, we adopt the boson mapping. 
Two cases are separately but intimately treated. One is the case which consists of even- 
boson number and the other of odd-boson number and, then, the formalism is immediately 
applicable to the Hamiltonian given in terms of c*c, c* 4 , c* 3 c, c* 2 c 2 , c*c 3 and c 4 . Therefore, 
the effect of even-odd boson number difference can be investigated. Basic idea can be 
summarized as follows : We decompose conventional boson coherent state expressed in 
terms of the exponential type into parts expressed in terms of the hyperbolic types. Then, 
each part is deformed and we have various deformed boson-pair coherent states stressing the 
even-odd boson number difference. In these states, three forms are investigated in rather 
detail. Two states have the forms proposed by the present authors. 4 ) Then, the third form 
is an interesting state and, in this paper, we discuss its outline. 

In §2, after giving the framework of our basic idea, the conventional boson coherent 
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state is treated in our framework. In §3, the conventional boson coherent state, which is 
of the exponential form, is decomposed into the hyperbolic cosine and sine form. Both are 
expressed as appropriate superpositions of even- and odd-boson numbers, respectively, which 
stress the even-odd boson number difference. Section 4 is devoted to giving an idea of the 
deformed boson scheme for the two states introduced in §3, and in §5 various examples are 
shown. In §§6 and 7, two deformations are discussed. The deformation in §6 leads to the 
form satisfying the relation of the Poisson bracket of the su(l, l)-algebra exactly and in §7 
the form satisfying the relation approximately. Finally, the deformations developed in this 
paper are summarized in the language of the MYT boson mapping. 

§2. Framework of the basic idea and its application to the conventional 

boson coherent state 

We are concerned in a many-body system described in terms of one kind of boson operator 
(c, c*). For the time-dependent variational method, the first task is to prepare a trial state 
for the variation, which, in this paper, we denote \tr). The state \tr) contains a set of 
complex parameters for the variation, (c, c*). For these parameters, we require the following 
condition : 

(tr\d c \tr) = c*/2 - idS/dc , 

(tr\d c * \tr) = -c/2 - idS/dc* . (2-1) 

Here, S denotes a real function of (c, c*). The condition (2-1) was already used in various 
occasions including the TDHF theory in the canonical form, for example, in Ref.8). If (c, c*) 
obeys the condition (2-1), (c, c*) plays a role of the canonical variable of classical mechanics 
in the boson type (c = (l/v / 2)(g + ip) , c* = (l/y/2)(q — ip)). In the time-dependent 
variational method, we must calculate the quantity (tr\idt\tr). If (c, c*) obeys the condition 
(2-1), it can be expressed in the form 

(tr\id t \tr) = i(l/2)(c*c - c*c) + S . (2-2) 

Since S denotes the derivative with respect to t, this term does not give any influence 
on the time-dependent variation. Further, we must calculate the expectation value of the 
Hamiltonian under investigation, (tr\H\tr). Of course, H is a function of (c, c*). If we are 
concerned in boson-pair correlations, the Hamiltonian expressed as a function of c* 2 , c 2 and 
c*c must be adopted. In other form, H is expressed in terms of f± i0 defined as 

f+ = c* 2 /2 , f_ = c 2 /2 , f = c*c/2 + 1/4 . (2-3) 



3 



The set (t± i0 ) obeys the su(l, l)-algebra : 

[f + ,f_] = -2f , [r ,f±] = ±f± . (2-3a) 

Therefore, it may be indispensable to investigate the boson-pair correlations in connection 
with the su(l, l)-algebra. In this paper, mainly, we treat the expectation values of f± ; o for 
\tr). In §7, we contact with the expectation values of the products of f± ; o- Hereafter, the 
expectation value of the operator O is denoted as 

(0) tr = (tr\6\tr) . (24) 

Further, as a classical counterpart of (r ±)0 ), we define a set (r ±i0 ) obeying the relation of the 
Poisson bracket 

[r + ,r_] P = H)(-2r ) , [r ,r ± ] P = (-i)(±r±) . (2-5) 

The above is the basic framework of our idea. 

The simplest and the most popular example of \tr) may be the boson coherent state : 

/ , \ -1 

0\ I / nfl I ll„™0\ //Ji^O 



\tr) = \cr°) = (yj£J ||ear°> , ((cr u |cr > = 1) (2-6) 

||ea; ) = exp( 7 c*)|0) , (c|0) = 0) (2-6a) 

^ = exp(| 7 | 2 ). (2-6b) 

Here, (7,7*) denotes a set of complex parameters which should be expressed in terms of 
(c, c*). The state |cr°) satisfies the relation 

c| cr °) = 7 |cr°) , i.e., f_|cr°) = (l 2 /2)\cr°) . (2-7) 

Then, (r±fl) cr o, the expectation values of (f±,o) for |cr°), are given in the following set : 

(r+) cr o = 7 * 2 /2 , (r_) cr o = 7 2 /2 , (r ) cr o = | 7 | 2 /2 + 1/4 . (2-8) 

In the present case, the condition (2-1) is reduced to 

(l/2)(7*9 7 /9c - i&y*/dc) = c*/2 - idS/dc , 

(l/2)( 7 *9 7 /9c* - 7 <9 7 7<9c*) = -c/2 - i95/9c* . (2-9) 
A possible solution of the relation (2-9) is given as 

5 = 0, 7 = c , 7 * = c*. (2-10) 
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Then, we have 

(r+) cr o = c* 2 /2 , (r_) cr o = c 2 /2 , (r ) cr o = |c| 2 /2 + 1/4 . (2-11) 

The form (2-11) has two characteristic points. One is as follows : The form (2-11) satisfies 
the relation of the Poisson bracket (2-5) approximately, especially at the large value of |c| 2 . 
The other is related to the products of t±,o i n normal order for (c, c*). The expectation 
values of the products of (t±,o) are exactly equal to the corresponding products of (r ±i0 )cr - 
This fact comes from the relation (2-7). 

As was already mentioned in §1, the present authors have investigated various variations 
of the above-treated boson coherent state in terms of the deformed boson scheme presented 
in Ref.2). However, in these framework, the state \tr) is expressed as a superposition of 
the states not only with even- but also with odd-boson numbers. Therefore, it may be 
impossible to investigate effects of even-odd boson number difference which may be induced 
by the boson-pair correlations. Of course, in this case, the investigation is limited to two 
cases. 2 ) " 4 ) 



§3. Two possible trial states derived from the conventional boson coherent 

state 

Our next task is to investigate two forms of the trial states derived from the conventional 
boson coherent state. First, we note the following decomposition : 

flex ) = \\ch°) + \\sh°) , (3-1) 

\\ch°) = (1/2) [exp( 7 c*) + exp(- 7 c*)] |0) 

= cosh( 7 c*)|0) , (3-la) 
|| S / i °) = (l/2)[exp(7C*)-exp(-7C*)]|0) 

= sinh( 7 c*)|0) . (3-lb) 

As is clear from their forms, \\ch°) and \\sh°) consist of hyperbolic type superpositions of 
the even- and the odd-boson number states, respectively. Then, the above decomposition 
suggests us to the following two trial states for the variation : 

\tr) = \ch°) = (yWf 1 \\ch°) , ((ch°\ch°) = 1) (3-2a) 
\tr) = \sh°) = (v/T^Tf 1 \\sh°) , ((sh°\sh°) = 1) (3-2b) 
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r ch o = cosh |7| 2 , (3-3a) 

r sh o = sinh | 7 | 2 . (3-3b) 

For these two states, we have 

c\\ch°) = 7 ||s/i°) , c\\sh°) = 7 |c/i°) , (34a) 

i.e., 

f.\ch°) = ( 7 2 /2)|c/i°) , Ush°) = ( 7 2 /2)|^°) • (3-4b) 

The relations (34a) and (34b) lead us to 

(r + ) ch o = 7* 2 /2 , (r_Uo = 7 2 /2 , (r ) ch o = | 7 | 2 /2 • tanh | 7 | 2 + 1/4 , (3-5a) 

(r + ) sh o = 7* 2 /2 , (r_) sh o = 7 2 /2 , (r ) sh o = | 7 | 2 /2 • coth | 7 | 2 + 1/4 . (3-5b) 

The condition (24) can be expressed for the states \ch°) in the form 

(l/2)(7*9 7 /9c - 1 d^*/dc) tanh | 7 | 2 = c*/2 - idS/dc , 

(l/2)(7*9 7 /9c* - 787* /dc*) tanh | 7 | 2 = -c/2 - idS/dc* . (3-6a) 

For the state |s/i°), also, we have 



(1/2)(7*<9 7 /<9c - 7 9779c) (coth | 7 | 2 - 1/| 7 | 2 ) + d[\n ^ff}/dc 

= c*/2- idS/dc , 
(l/2)(7*9 7 /9c* - 79 7 79c*)(coth | 7 | 2 - 1/| 7 | 2 ) + d[\n ^/r]/dc* 

= -c/2 - idS/dc* . (3-6b) 

The relations (3-6a) gives us the following possible solution : 

s = o, 7 = yfJTc- {/FM\i\ 2 ) , 7 * = ^(N 2 ) , 

F ch o(\l\ 2 ) = l7| 2 coth | 7 | 2 (= 1 + | 7 | 4 /3 - |7| 8 /45 + •••)■ (3-7a) 
On the other hand, the relation (3-6b) gives us 



S = i\n^/T, 7= yffic- p s A\l\ 2 ) , 7* = 4^-psA\l\ 2 ) , 
^o(|7| 2 ) = |7| 2 /(coth| 7 | 2 -|7|- 2 ) 

(=3+| 7 |75-|7| 8 /175 + ---) . (3-7b) 



Then, the relations (3-5a) and (3-5b) leads us to 



(r + ) ch o = c*^/F ch o(\l\ 2 )/2 , (r_) ch0 = Cv /F c ,o(| 7 | 2 )/2 , 
(T ) ch o = |c| 2 + 1/4 , 

(r + ) sh o = c*^/F sh o(\l\ 2 )/2 , (r-) sh o = c^o(| 7 | 2 )/2 , 
(toUo = |c| 2 + 3/4 . 



(3-8a) 
(3-8b) 



The relations (2-3) and (2-9) tell us that for the state |cr°), (c, c*) plays a role of (c, c*) 
in the classical mechanics. On the other hand, (c, c*) for the states |c/i°) and |s/i°) plays a 
role of the boson-pair in the classical mechanics. Further, it may be interesting to see in the 
relations (3-8a) and (3-8b) that the expectation values of the boson number c*c for the states 
\ch°) and \sh°) are expressed as 2c* c and 2c*c+ 1, respectively, which may be natural results. 
For the discussion on (r±) c ^o and (r±) sh o, we must give the explicit expressions of F c ^o(|7| 2 ) 
and F s/l o(|7| 2 ) in terms of (c, c*). We obtain the relations for F cfe o(|7| 2 ) and F sfe o(|7| 2 ) with 
the use of the relations (3-7a) and (3-7b) : 



|7| 4 = 2|c| 2 -F c ,o(| 7 | 2 ), i.e., 2|c| 2 = | 7 | 4 • FMlll 2 )' 1 
|7| 4 = 2|c| 2 -F s ,o(| 7 | 2 ) , i.e., 2|c| 2 = | 7 | 4 -F s ,o(| 7 | 2 )- 1 



(3-9a) 
(3-9b) 



Together with the definitions of F cfe o(|7| 2 ) and F^o^l 2 ), we can determine |7| 2 as a function 
of 2 1 c| 2 for each case. However, it is impossible to give the exact analytical expressions. 
Possible approximate forms are shown as follows : 



F ch0 (h\ 2 ) = GW>(2|c| 2 ) + 2|c| 2 , 
i^|7| 2 ) = G s/l o(2|c| 2 ) + (2|c| 2 + 2) , 



(3-10a) 
(3-10b) 



G ch o(2\c\ 



2 ) ~ exp 


"—(2/3) - 2jc| 


2 ) ~ exp 


— (2/5) • 2|c| 



1 2\ 2 



|2\2 



(3-lla) 
(3-llb) 



Derivation of the expressions (3-10) and (3-11) is shown in Appendix A, together with the 
discussion on the reliability of the approximation. Through this discussion, it may be ex- 
pected that the approximate form (3-11) presents us good agreement with the exact one in 
the quantitative aspect. 

Finally, on the basis of the classical aspect of the su(l, l)-algebra, we investigate the 
qualitative feature of the present result. For this aim, we define a set (t±,o(0) i n the form 



r+(t) = c*y/2t+ \c\ 2 , r_(f) = c^/2t+ \c\ 2 , r (t) = |c| 2 + 1 . 



(3-12) 
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The relation of the Poisson bracket for the set (r± ; o(£)) is of the same form as that shown in 
the relation (2-5) : 

[r + (f),r_(f)]p = (-i)(-2r (*)) , [ro(t),r ± (t)] P = (-i)(±T ± (t)) . (3-12a) 

The above tells us that (r± j0 (t)) is regarded as a classical counterpart of (f± ;0 ). Our present 
discussion starts in the following inequalities : 

| 7 | 2 < FMlll 2 ) < ( V / l + 4|7| 4 + l) /2 , (3-13a) 
V / l + l7| 4 + 1 < ^o(| 7 | 2 ) < (v/9 + 4|7| 4 + 3) /2 . (3-13b) 

The inequalities (3-13) can be easily checked by numerical calculation. With the use of the 
relations (3-9), the inequalities (3-13) can be rewritten as 

2\c\ 2 ■ | 7 | 2 < | 7 | 4 < 2|c| 2 • (^1 + 4| 7 | 4 + l) /2 , (3- 14a) 

2|c| 2 • ^/l + | 7 | 4 + l) < |7| 4 < 2|c| 2 • ^9 + 4^(4 + 3^ /2 . (3-14b) 

The above relation gives us 

4|c| 2 • |c| 2 < | 7 | 4 < 4|c| 2 • (1/2 + |c| 2 ) , (3-15a) 
4|c| 2 • (1 + |c| 2 ) < | 7 | 4 < 4|c| 2 • (3/2 + |c| 2 ) . (3-15b) 

Noting the relations |(r ± ) c / l o| = | 7 | 2 /2 and |(r ± ) s / l o| = | 7 | 2 /2, the inequalities (3-15) is 
rewritten as 

|r±(0)| < \(r ± ) ch o\ < |r±(l/4)| , (3-16a) 
|r±(l/2)| < \(r±) sh o\ < |r±(3/4)| . (3-16b) 

The quantities |(r ± ) cft o| and |(r±) s ho| are complicated functions of |c| 2 . However, it may be 
interesting to see that there exist the lower and the upper limits, which are characterized 
by t = 0, 1/4, 1/2 and 3/4 contained in the su(l, l)-algebra. Numerically, we can show the 
relations 

|(t±Uo|<% ± (1/4)| , (3-17a) 
|(r±) ah o|^|r±(3/4)| , (for | 7 | 2 ~ 0) , (3-17b) 

|r±(0)|^|(r ± ) c ,o| , (3-18a) 
|r ± (l/2)|^|(r±) ah o| , (for | 7 | 2 — 00) . (3-18b) 
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The above is our starting form for the deformed boson scheme stressing the even-odd boson 
number difference. However, (t± ; o) c /i and (r±fi) s h do not satisfy the relation of the Poisson 
bracket of the su(l, l)-generators sufficiently. However, as is suggested in the relation (3-4b), 
the expectation values of the products of (t±,o) in normal order for (c, c*) are exactly equal 
to the corresponding products of (t± i0 )c/i and (r±fi) sh o. 



§4. Deformation of the two trial states 

Main task of this section is to apply the deformed boson scheme developed by the present 
authors 2 ^ to the states \ch°) and \sh°) introduced in §3. For this aim, we make the defor- 
mation of the state |cr°) shown in the relation (2-6) in the form 

\tr) = \cr) = (^J r cr ^j \\ex) , ((cr\cr) = 1) (4-1) 

||ex) = exp (yc*f(N)) |0) . (N = c*c) (4-la) 
Here, f(N) is a function of N which obeys the condition 

/(0) = 1, f(n)>0. (n = 1,2,3,-..) (4-2) 

The deformation is characterized by the function f(N) and the above is the starting idea of 
Ref.2). In the same manner as that in the case of \\ex°), we decompose \\ex) into two parts : 

||ea;) = \\cti) + \\sh) , (4-3) 



\\ch) = (1/2) • (exp (yc*f(Nj) + exp (_ 7 c*/(jV))) |0) 

= cosh( 7 c7(JV))|0) , (4-3a) 

\\sh) = (1/2) • (exp ( 7 c*/(iV)) - exp (- 7 c*/(7V))) |0) 

= sinh (yc*f(N)) |0) . (4-3b) 

In this paper, we will treat the case where f(N) does not depend on any other operator and 
parameter. It may be self-evident that \ch) and \sh) consist of the states with the even- and 
the odd-boson numbers, respectively. The states \ch) and \sh) can be expressed explicitly 
in the form 

oo 2n 

\\ch) = |0) + E -t=/(°) • • • /(2» " l )\ 2n ) > ( 44a ) 

n=l ^(271)! 
oo ^2n+l 

W = £ 7= = /(0)---/(2n)|2n + l) . (4-4b) 
n=o J(2n + 1)! 
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Here, \k) (k — 2n, 2n + 1) denotes 

= (1/v^) • (<?)*|0> . «*|*) = 1) 
Including the normalization constants, we define 

\tr) = \ch) = (yfr*) 1 \\ch) , {(ch\ch) = 1) 
\tr) = \sh) = (Jr^) 1 \\sh) , {(sh\sh) = 1) 



oo (\~\2\2n 

A h = i + E i 7S^r(/( )---/( 2 »- 1 )) a » 



- (2n)! 



Ah - X] 



°° (|7p 2n+1 



■(/(0).../(2n)) s 



S,(2n+1)! 
For these two states, we have the relation 

/W^flc/i) = 7 |^> , /(iV)"^!^) = 7 |ch) , 

that is, 

(ttNy'c) 2 \ch) = 7 2 |c/i) , (f(N)~ l c) 2 \sh) = -?\sh) . 
The relation (4- 8b) can be rewritten in the form 

/(2f - l/2)/(2f + l/2)] _1 f_|c/i) = ( 7 2 /2)|c/i) , 
/(2f - l/2)/(2f + l/2)l _1 f_| S /i) = tf/2)\sh) . 



(4-5) 



(4-6a) 
(4-6b) 

(4-7a) 
(4-7b) 



(4-8a) 



(4-8b) 



(4-8c) 



Here, we used the formula 

[ /(Ny'c , g*/(JV) ] = 1 . (4-9) 

The relation (4-2) supports the existence of /(iV) _1 . With the use of the relations (4-8), we 
get 

(^ = 7* 2 /2-(/»/(iV + l)) c , , 
(r-U = 7 2 /2 -(f(N)f(N + l)) ch , 

(r U = | 7 | 2 /2-(rVr) c ,+ l/4, (4-10a) 
(^ + )^ = 7* 2 /2-(/(iV)/(iV+l)) s/i , 
(t_U = t72-(/(W)/(JV + 1) 



(r ) sh = | 7 | 2 /2 • (r'/r) sh + 1/4 



(4-10b) 
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Here, (f(N)f(N + l)) ch , (r'/r) ch , (f(N)f(N + l)) sh and (r'/r) sh are denned as 

(f(N)f(N + l)) ch = (ch\f(N)f(N + l)\ch) , 

{r'ir) ch = (dr ch /d\^).{r ch y l , (4-iia) 

(f(N)f(N+l)) sh = (sh\f(N)f(N+l)\sh) , 

(r'/n sh = (dr sh /d\ 1 \ 2 )-(r sh y 1 . (4-iib) 

The condition (2-1) in the present case is expressed in the following form : 

(1/2) • ( 7 *d 7 /dc - jdY/dc) ■ (r'/r) ch = c*/2 - idS/dc , 

(1/2) • ( 7 *d 7 /dc* - j&y'/dc*) ■ {r'/r) ch = -c/2 - idS/dc* , (4-12a) 

a/2) -(Y^M-- -o-'/ ( )r)-\(r'/r) sh -i/\^ 



+<9[ln \ft/l*]/dc = c*/2 - idS/dc , 

0/2) 'd-l OS - ,)f/dcf) ■ ( (r'/r) sh - i/| 7 | 



+d[ln ^7/7*] /dc* = -c/2 - idS/dc* . (4- 12b) 

For the relation (4-12), we have the following possible form : 



s = o, 7 = vvic- ^F ch (h\ 2 ) , 7 * = vV2^- v^Ohf) , 

^(I7| 2 ) = l7r-(r7r) c - /l 1 , (4-13a) 



7 = Vv^c-fF^M 2 ) , 7* = V v^c* • $F sh (\7\ 2 ) , 
F sh (\l\ 2 ) = \l\ 2 /[(r'/r) sh -l/\ 1 \ 2 Y 1 . (4-13b) 
The relations (4-13) give us the following relations for expressing |7| 2 in terms of 2\c\ 2 : 

| 7 | 4 = 2|c| 2 -F c/l (| 7 | 2 ) , (4-14a) 
| 7 | 4 = 2|c| 2 -F s/l (| 7 | 2 ) . (4-14b) 

By solving the relations (4-14), we can express I7I 2 in terms of 2|c| 2 and, then, substituting 
the results into F ch (\^\ 2 ) and F sh (| 7 | 2 ), we can express F c /j(|7| 2 ) and F sh (\^\ 2 ) in terms of 2|c| 2 . 
Thus, we have (7, 7*) which is expressed as a function of (c, c*). Further, if (f(N)f(N+l)) ch 
and (f(N)f(N + l)) sh are calculated, (t±) c/i and (r ± ) sh shown in the relations (4-10a) and 
(4-10b) can be expressed in terms of (c, c*). Concerning (r ) c h and (t ) s /j, in any case, we 
have 

(r U = |c| 2 + 1/4 , (4-15a) 
(r U = I c| 2 + 3/4 . (4-15b) 
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With the use of the relations (4-10) and (4-13), we can derive the form (4-15). It is impossible 
in the general framework to mention definitely if the relation of the Poisson bracket (2-5) 
is satisfied or not. Further, as is clear from the relation (4-8c), generally, the expectation 
values of the products of (t± i0 ) i n normal order for (c, c*) are not equal to the corresponding 
products of (r ±i0 )cft and (r ±fi ) sh . 

Finally, we contact with the connection of the form presented in this section with the 
original one given in §3. It may be self-evident that, if f(N) = 1, the form in this section 
is completely reduced to the original one in §3. We investigate this reduction from rather 
wider viewpoint. First, we treat the following case : 

/(0)/(l) • • • 7(2n - 2)/(2n - 1) = 1 . (4-16) 

Then, \\ch) and \\sh) are expressed as 

\\ch) = \\ch°) , (4- 17a) 

\\ sh ) = f]7 2n+1 (7(2n)/ v /(2n+l)!)|2n + l) , (4-17b) 

n=0 



r ch = r ch o , (4- 18a) 

oo 

r sh = E(l7| 2 ) 2 " +1 (7(2n) 2 /(2n + 1)!) . (4-18b) 

n=0 

The relations (4-17) and (4-18) tell us that, depending on the choice of /(2n), the state \ch°), 
the partner of which is not reduced to the state \sh°), should be regarded as a possible form 
of the g-deformation. An example which satisfies the relation (4-16) is given as 

/(2n)/(2ra + l) = l . (n = 0, 1, 2, • • •) (4-19) 

In order to understand the above statement, we investigate the case 

7(2n) = y/l-a + a(2n+l) . (a > 0) (4-20) 

Of course, we define f(2n + 1) = f(2n)~ 1 . In this case, we have 

r sh = (1 - a)r sh o + a ■ | 7 | 2 r ch o . (4-21) 

Clearly, if a = 0, r sh = r sh o and if a — 1, r sh = |7| 2 -T c ?i - Next, we treat the case 

/(0)/(l).../(2n-l)/(2n) = l. (4-22) 
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In this case, \ch) and \sh) are obtained in the form 



\ ch ) = Y.l 2n U^n)- 1 /^{2n)\)\2n) , (4-23a) 

n=0 

\\sh) = \\sh°) , (4-23b) 

oo 

r ch = Y,(h\ 2 ) 2n (f(2ny 2 /(2n)\), (4-24a) 

n=0 

r sh = r sh0 . (4-24b) 

This case is also in the same situation as that in the case (4-16). A possible choice of the 
relation 

f(2n - l)/(2n) = 1 . (n = 1, 2, 3, • • •) (4-25) 
An illustrative example is shown in the case 



f(2n)- 1 = ^1-I3 + I3(2n+1)-^ . {(3 < 1) (4-26) 

In this case, we have 

r ch = (i - p)r ch0 + p • | 7 r 2 r s ,o . (4-27) 

Clearly, if (5 — 0, = -T^o and if /? = 1, = |7| _2 -T s / l o. In the next section, we discuss 
the meaning of r sh = |7| 2 -T c/l o and F ch = \^\~ 2 r sh o. 



§5. Various examples 

In this section, we show various examples of the general framework developed in §4. First, 
we rewrite \\ch) and \\sh) shown in the relations (4-4a) and (4-4b) in the following forms : 

\\ch) =l~ 1 NN+l) c£ 7 /(O) • • ./(2„)X+_|2n+ 1) , 

V / n=0 ^(272+1)! /(2n) 

(5-la) 

| W = to' (V^T)" 1 f |0) + £ -g_/<0) . ../(*. - 1) J^l2«>) , 



(S-lb) 



n „ = | 7 |-. £ (I/) 2 ";' (/(0) . . *Lti , (5.2a) 

1 n ^ (2ra + l)! VM ; Jy !) f{2nf V ; 
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To the above expressions, we require the following condition ; 

f(2n) = V2n + 1 . (5-3) 

Then, we have 



\\ch) = 7" 1 i^/N + lj c\\sh) , (54a) 

\\sh) = 7 c* (^N+lj \ch) , (5-4b) 

r c h = \l\~ 2 r sh , (5-5a) 

r sh = \!\ 2 r ch . (5-5b) 

Therefore, the following forms are derived : 

\ch) = (7/I7I)" 1 (V^+ l) 1 c\\sh) , (5-6a) 

js/i) = ( 7 /| 7 |)c* (y/ft + l) \\ch) . (5-6b) 



Here, (\J N + I)" 1 *? and c*(y/N + l)" 1 obey 



-1 / / \ -1 



N + l) c-c* ViV + 1 =1 



(V^+l) ^(V^+l) 1 £ = 1 — |0><0| . (5-7) 



The relation (5-7) tells us that (\[W+ l) _1 c and c*(\/ N + play a role of the phase 
operators and the form (5-6) suggests us that, under the condition (5-3), the unpaired boson 
does not give any influence on the boson-pairs. Further, the meaning of r s h = \^\ 2 r c ho and 
r c h — \l\ ~ 2 r s ho appearing in §4 may be understandable. 

Next, we investigate the case in which analytical and concrete expressions are given. This 
case starts in the following condition : 



/(0).../(2n-l) = V(2n)!. (5-8) 

Then, \\ch) and \\sh) are of the forms 

00 

|c/ i ) = E7 2n |2n), (5-9a) 

n=0 

00 

\\sh) = 7 2n+1 (/(2n)/v / 2^TT) \2n + 1) , (5-9b) 



n=0 



14 



^ = E(i7i 4 r, 

n=0 

oo 

^ = |7| 2 E(l7| 4 ) n /(2^) 2 /(2n+l). 



(5-10a) 
(5-10b) 



n=0 



In the above case, if f(2n) = \/2n + 1, the form is reduced to the case discussed at the 
beginning part of this section. We discuss the following case : 



f(2n) = yj(n+l)(2n+l) , f(2n - 1) = V2 . (5-11) 
The case (5-11) satisfies the condition (5-8) and /(0) = 1. Then, F ch and F ah are given as 



|4\-1 



r ch = (i - , 
r s/l = | 7 | 2 -(i-|7l 4 )- 2 



The states \ch) and \sh) satisfy 



v /(2fo + l/2)(2f + 3/2)j f-\ch) = (l 2 /2)\ch) , 

7(2r + 5/2)(2f + 7/2)) ' f_\sh) = (i 2 /2)\sh) . 

With the use of the form (5-12) with the relation (4-13), we have 

F c ,(| 7 | 2 ) = (l/2)(l-| 7 | 4 ), 
i^(|7| 2 ) = (l/4)(l-| 7 | 4 ). 

For the forms (5-14a) and (5T4b), respectively, |7| 4 can be expressed as 



|c|-(l + |<f) 



2\-l 



i.e., 



F eh (W) = (l/2)(l + \c\<) 



2\-l 



^•(2 + lcn- 1 , i-e., F. fc (|7r) = (l/2)(2 + |c 



2\-l 



Therefore, the relations (4T3a) and (4T3b) give us 



-i 



c\- 1 , 7 
i 



7 = Vc- (jf2 + \H\'i . - 
The second case starts in the condition 



1 + \c\ 



2 + Id 



/(0).../(2n) = V(2n+l) 



5-12a) 
5-12b) 



5-13a) 
5-13b) 



5- 14a) 
5- 14b) 



5-15a) 
5-15b) 



5- 16a) 
5-16b) 

(5-17) 
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Then, \\ch) and \\sh) are given as 

oo 

\\ch) = ]T 7 2n ((2n + l)//(2n) 2 ) \2n) , (5-18a) 



ra=0 

oo 



\\sh) = ^ 7 2n+1 |2n+ 1) , (5-18b) 

ra=0 



^ = E(l7| 4 r(2n + l)//(2n) 2 , (5-19a) 

n=0 

oo 

r sh = E(l7l 2 ) 2n+1 ■ (5-19b) 

?1=0 

In a manner similar to the form (5-11), we discuss the case 

f(2n) = y / (n + l)- 1 (2n + l) , /(2n - 1) = y/2n(n+l) . (5-20) 



Of course, the form (5-20) satisfies the condition (5-17) and /(0) = 1. In a way similar to 
the previous case, we have the following results : 

r ch = (1 - | 7 | 4 )" 2 , (5-21a) 

r sh = | 7 | 2 • (i - I7I 4 )- 1 , (5-2ib) 

F c ,(| 7 | 2 ) = (1/4) ■ (1 - | 7 | 4 ) , (5-22a) 
i^(| 7 | 2 ) = (1/2) ■ (1 - | 7 | 4 ) . (5-22b) 

In this case, the states |c/i) and |s/i) satisfy the same relation as that shown in the relation 
(5-13). With the use of the above results, for the states \ch) and \sh), we have, respectively, 

| 7 | 4 = | c | 2 .(2+|c| 2 )- 1 , (5-23a) 
| 7 |4 = | c |2.( 1 + | c |2)-i ; (5 . 23b) 

7 = yfc- (v/2+|c| 2 ) 1 , 7* = v 7 ^- (v/2 + |c| 2 ) 1 , (5-24a) 
7 = v^- f ^1+ |c| 2 ") 1 , 7* = v 7 ^- f v/TTM 2 ") 1 . (5-24b) 



Thus, (7,7*) can be expressed in terms of (c, c*) analytically. 

Our final task for the deformations (5-11) and (5-20) is to give |(r ± ) c / l | and |(r ± ) sfc |. For 
this aim, first, we must calculate (f(N)f(N+ l)) ch and (f(N)f(N+ l)) s h, which have been 
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given in the relations (4- 10a) and (4- 10b). For the deformation (5-11), we have the following 
expression : 



(f(N)f(N + l)) c , = (1 - | 7 | 4 ) £(| 7 | 4 ) V(2n + l)(2n + 2) , (5-25a) 

\n=0 / 
Vn=0 



(f(N)f(N + l)). h = (1 - l7| 4 ) 2 ^ (£(l7lT + 7(2n + 3)(2n + 4)) • 



(5-25b) 

For the deformation (5-20), we have 

(f(N)f(N + l)) c , = (1 - N 4 ) 2 ^ (£(l7| 4 ) n+1 V / (^ + 1 )(^ + 4 )) > 

(5-26a) 

(f(N)f(N+ 1)U = (1 - | 7 | 4 ) fE(l7| 4 rv / (^ + 2 )( 2 ^ + 3 )l • ( 5 ' 26b ) 



\n=0 



It may be impossible to express the above power series expansions in compact forms. Then, 
we note the following inequalities for x (x > 0) : 



2x+ < \f(2x + \)(2x + fi) < 2x + (A + /i)/2 . (A,/j>0) (5-27) 
Further, we have 

oo 

(i-i7i 4 )E(i7i 4 r = i, 



ra=0 

oo 

(l-|7| 4 )E(l7| 4 ) n n=| 7 | 4 (l-| 7 | 4 )- 1 , 

n=0 

(i-i7i 4 ) 2 ^iE(i7i 4 r +1 = i, 

a \l\ n=0 
j oo 

(! " l7| 4 ) 2 ^ E(l7| 4 )" +1 ^ = 2| 7 | 4 (1 - hi 4 )" 1 • (5-28) 

"171 n =0 

By putting x — n, X — 1, 2 and /x = 3, 4 in the inequality (5-27) and using the relation (5-28), 
we can derive the following inequality for the quantity (5-25) : 

y/2 + 2| 7 | 4 (1 - M 4 )- 1 < (f(N)f(N + l)) ch < 3/2 + 2| 7 | 4 (1 - M 4 )" 1 , 

(5-29a) 

2V3 + 4| 7 | 4 (1 - bl 4 )" 1 < (f(N)f(N + l)) sh < 7/2 + 4| 7 | 4 (1 - | 7 |V , 

(5-29b) 
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In the same manner as the above, we have the following inequality for the quantity (5-26) : 
2 + 4| 7 | 4 (1 - M 4 )- 1 < (f(N)f(N + l)) c , < 5/2 + 4| 7 | 4 (1 - M 4 )" 1 , 

(5-30a) 

V6 + 2| 7 | 4 (1 - M 4 )" 1 < (f(N)f(N + l)) sh < 5/2 + 2| 7 | 4 (1 - M 4 )" 1 . 

(5-30b) 

The use of the relations (5-15) and (5-23) for the inequalities (5-29) and (5-30), respectively, 
gives us 

y/2 + 2\c\ 2 < (f(N)f(N + l)) ch < 3/2 + 2|c| 2 , (5-31a) 
2V3 + 2\c\ 2 < (f(N)f(N + l)) sh < 7/2 + 2\c\ 2 , (5-31b) 

2 + 2\c\ 2 < (f(N)f(N + l)) ch < 5/2 + 2\c\ 2 , (5-32a) 
y/6 + 2\c\ 2 < (f(N)f(N + l)) ah < 5/2 + 2\c\ 2 . (5-32b) 

If x = \c\ 2 , the lower and upper limits of the inequalities (5-31) and (5-32) are the same as 
those shown in the inequality (5-27) for A = 1,2 and /i — 3,4. Further, the differences of 
the upper and the lower limits are 3/2 - ^2 = 0.08579, 7/2 - 2^3 = 0.03590, 5/2 - 2 = 0.5 
and 5/2 — \/Q = 0.05051, which are averagely rather small. Therefore, in high accuracy, we 
can put for the relation (5-25), 

(f(N)f(N + l)) ch ~ v /(2|c| 2 + l)(2|c| 2 + 2) , (5-33a) 
(f(N)f(N + l)) sh ~ v /(2|c| 2 + 3)(2|c| 2 + 4) . (5-33b) 

In the same manner as the above, for the relation (5-26), we have 

(f(N)f(N + l)) c/l ~ v /(2|c| 2 + l)(2|c| 2 + 4) , (5-34a) 
(f(N)f(N + l)) ah ~ v /(2|c| 2 + 2)(2|c| 2 + 3) . (5-34b) 

With the use of the relations (4-10), (5-16) and (5-33), we have the following forms for the 
deformation (5-11) : 



(r + ) c ^ c yi/2+|c| 2 


= r + (l/4) , 




(r_) ch ~ cyJl/2 + |c| 2 = 


= ^-(1/4), 


(5-35a) 


(r+) sh ~ 0*^3/2 +|c| 2 


= r + (3/4) , 





(r_) sh ~ Cv /3/2 + |c| 2 = r_(3/4) . (5-35b) 
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For the deformation (5-20), the relations (4-10), (5-24) and (5-34) give us the same expres- 
sions as those shown in the relation (5-35). Judging from the property of the inequality (5-27) 
already mentioned, the approximate expression (5-35) may be valid in high accuracy. There- 
fore, we can conclude that (r± t o) c h and (r± j o) s / l satisfy the relation of the Poisson bracket 
of the su(l, l)-generators in high accuracy. Further, the relation (5-13) tells us that in this 
case, also, the expectation values of the products of (t±,o) are not equal to the corresponding 
products of (r± : o) c h and (r± : o) s h- However, there exists another example which is in the 
situation similar to the above one. This example is discussed in §7. 

§6. Deformation satisfying the relation of the Poisson bracket of the 

su(l, l)-algebra 

Until the present stage, we have discussed the deformations related to the boson-pair in 
connection to the su(l, l)-algebra. However, they do not satisfy the su(l, l)-algebra exactly. 
In this section, we show the deformation leading to this algebra exactly. 

We start in the following deformation : 

/(2n) = 2n + l, f(2n - 1) = 1 . (6-1) 
In this case, \ch) and \sh) in (4-4) can be written as 

oo 2n 

\\ch) = ]T i (2n - l)!!|2ra) = exp( 7 2 c* 2 /2)|0) , (6-2a) 



n=0 yj(2n)\ 

oo ~,2n+ 

E 

n=0 yf(2n+l)\ 



oo -,2n+l 

\\sh) = =(2n+l)!!|2w + l) = 7c* exp( 7 2 c* 2 /2)|0) , (6-2b) 



00 n n ,\2\2n 



r ch = E ^7jr[(2n - l)!!] 2 = [y/1 - | 7 | 4 J , (6-3a) 

00 /| ]2\2n+l / N -3 

^ = E^^[(2« + l)H] 2 = hf(v^W) ■ (6-3b) 

The relation between \ch) and \sh) is as follows : 

\sh) = 7c*\\ch) , \\ch) = 7~ 1 (iV + ly^jsh) . (6-4) 

The states \ch) and \sh) obey the relation 

(2f + 1/2)-^. \ch) = {l 2 /2)\ch) , (6-5a) 

(2f + 5/2) _1 f_|s/i) = (a 2 /2)\sh) . (6-5b) 
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It may be important to note that \ch) and \\sh) are expressed in terms of c* 2 /2, which is a 
generator of the su(l, l)-algebra with t — 1/4 and 3/4, i.e., f+. The quantities F c h{\^f\ 2 ) and 
Fsh{\l\ 2 ) in (4-13) are given in the form 

F ch (\l\ 2 ) = 1 - |7| 4 , (6-6a) 
^(|7| 2 ) = (1/3) • (1 - | 7 | 4 ) • (6-6b) 

With the use of the relation (4-14), |7| 4 can be expressed as follows : 

| 7 | 4 = 2|c| 2 -(l + 2|c| 2 )- 1 , (6-7a) 
| 7 | 4 = 2|c| 2 -(3 + 2|c| 2 )- 1 . (6-7b) 

Then, F c/l (|7| 2 ) and ^(^l 2 ) are expressed as 

F ch (| 7 | 2 ) = (l + 2|c| 2 )- 1 , (6-8a) 
F ah (\- r \ 2 ) = (3 + 2\c\ 2 )- 1 . (6-8b) 

From the relation (4-13), the following relations can be given in the present case : 



7 = • (1 + 21c! 2 )- 1 / 4 , 7* = \fV^c* ' (1 + 21c) 2 )- 1 / 4 , (6-9a) 

7 = vV^- (3 + 2IC) 2 )- 1 / 4 , 7* = Vv^c*- (3 + 21c! 2 )" 1 / 4 . (6-9b) 

The quantities (f(N)f(N + l)) ch and (f(N)f(N + l)) sh in the present case are calculated 
in the form 

(f(N)f(N + l)) ch = (1 - MT 1 = 1 + 2|c| 2 , (6-10a) 

(f(N)f(N + l)) sh = 3(1 - MT 1 = 3 + 2|c| 2 . (6-10b) 

Therefore, the relations (4- 10a) and (4- 10b) are written as 



(T + U = C yi/2+|cf = T + (l/4) , 

(r_) cft = Cv /l/2+|c| 2 = r_(l/4) , (6-lla) 
(r + ) s , = cV3/2+|c| 2 = r + (3/4) , 

(r_) sfe = Cy/3/2+lc) 2 = r_(3/4) . (6-llb) 

Thus, we can understand that the deformation (6-1) satisfies the relation of the Poisson 
bracket of the su(l, 1) -algebra exactly. 

Next, we investigate the following deformation : 

/(2n) = l, /(2ra- 1) =2n- 1 . (6-12) 
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In this case, we have 



oo 2n 

\\ch) = V 1- (2w - l)!!|2n) = exp( 7 2 c* 2 /2)|0) , (6-13a) 

n= 0v /(2n)! 



oo -,2n+l 

\\sh) = ( 2n - l V- ] \ 2n + 1) 



n=0 ^(271+1)! 

7 c*(iV + I)" 1 exp( 7 2 c* 2 /2)|0> , (6-13b) 



-i 



r ch = (yi - l7| 4 ) , (6-14a) 
T sfe = sin" 1 | 7 | 2 . (6-14b) 

The relation between \ch) and \sh) is as follows : 

\sh) = 7 c*(iV + l) _1 ||c/i) , ||c/i) = 7 - 1 c||s/i) . (6-15) 

The states \ch) and satisfy 

(2f + l/2)- 1 f_|c/i) = ( 7 2 /2)|c/i) , (6-16a) 
P (2f - l/2) _1 f_|s/i) = in 2 /2)\sh) . (6-16b) 

Here, Po denotes a projection operator which gives us Po|2n) = and Po\2n + 1) = \2n + 1). 
It may be interesting to see that the state \ch) in the form (6- 13a) is nothing but the state 
\\ch) shown in the relation (6-2a), i.e., t — 1/4. However, the state \sh), the partner of which 
is \\ch), is different from the form shown in the relation (6-2b). Concerning the above case, 
it may be interesting to investigate the following case : 

f(2n) = 1 , f(2n - 1) = 2n + 1 . (6-17) 

In this case, \ch) and \sh) can be expressed as 

oo 2n 

\\ch) = ]T / (2w + l)!!|2n) = (N + 1) exp( 7 2 c* 2 /2)|0) , (648a) 



^ 7 2w+ 
yj(2n+l)\ 



oo ^,2n+l 

\\sh) = (2w+ l)!!|2w+ 1) = 7 c*exp( 7 2 c* 2 /2)|0) , (6- 18b) 



-3 



r ch = h/l-M 4 , (6-19a) 



A,= | 7 | 2 h/l-| 7 | 4 • (6-19b) 
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Two states are related to each other through the relation 

\\sh) = 7 c* (ft + l)' 1 \\ch) , \ch) = 7 ~ 1 c|s/i) . (6-20) 

The above is the same as that given in the relation (6-15). We know that the state \\sh) in 
the form (6-18b) is nothing but the state \\sh) shown in the relation (6-2b), i.e., t = 3/4. 
However, the partner \\ch) is different from the state \\ch) shown in the relation (6-2a). The 
two states \ch) and \sh) satisfy 

(2f + 5/2) _1 f_|c^) = (l 2 /2)\ch) , (6-21a) 
(2f + 5/2) -1 f_|s/i) = (7 2 /2)|s/i) • (6-21b) 

Finally, we show two examples in which the situations are in the same as those given in 
the cases (6-1) and (6-17). These are two concrete examples of the deformation (5-3). One 
is as follows : 



f(2n) = V2n+ 1 , f(2n - 1) = y/2n-l . (6-22) 

This case leads us to 

oo 2n 

\\ch) = ]T i (2w - l)!!|2n) = exp( 7 2 c* 2 /2)|0) , (6-23a) 



\sh) = V . 1 (2n + l)!!( v / 2n + l) _1 |2n + 1) 

n =o^(2n+l)! 



7 c* (Jft+l) 1 exp( 7 2 c* 2 /2)|0) , (6-23b) 



r ch = (yfl - | 7 | 4 j , (6-24a) 
r sh = \l\ 2 (V 1 - l7| 4 ) 1 • (6-24b) 



The relation between states is shown in the relation (5-4). Clearly, \ch) is the state with 
t — 1/4. However, the partner \\sh) is different from the state with t = 3/4. Second is given 
in the form 



f(2n) = V2n + 1 , f(2n - 1) = V2n + 1 . (6-25) 
This case gives us two states : 



oo ^2n 



\\ch) = V / (2w-l)!!V2w + l|2w) = + 1 exp( 7 2 c* 2 /2)|0) , (6-26a) 
r i =o v /(2n)! 

oo ^,2n+l 

\sh) = ^2—. ' (2n + l)!![2n+ 1) = 7 c* exp( 7 2 c* 2 /2)|0) , (6-26b) 



n=o J(2n+ 1)! 
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r ch = KA-N 4 , (6-27a) 



r afc =| 7 | 2 Ul-\l\ 4 ) ■ (6-27b) 



These two states are connected to each other through the relation (5-4). It may be self- 
evident that \\sh) is the state with t = 3/4, but, the partner \\ch) is different from the state 
with t = 1/4. The states shown in the relations (6-18a) and (6-18b) satisfy 

(2f + l/2) _1 f_|c/i> = (7 2 /2)|c/i) , (6-28a) 
P ( v /(2f -l/2)(2f + 3/2)) 'Ush) = {i 2 /2)\sh) . (6-28b) 

The states (6-23a) and (6-23b) obey 

(\/(2f + l/2)(2f + 5/2)) 1 f-\ch) = h 2 /2)\ch) , (6-29a) 
(2f + 5/2)- 1 r_\sh} = (i 2 /2)\sh) . (6-29b) 

§7. A possible deformation satisfying approximately the relation of the 

Poisson bracket of the su(l, l)-algebra 

In §6, we showed the deformation satisfying the relation of the Poisson bracket of the 
su(l, l)-algebra. In §5, the approximated form was discussed. In this section, again, we 
discuss the case in which the deformation satisfies the relation of the Poisson bracket in a 
well approximated form. Later, the reason why we discuss this case again will be mentioned. 
This case starts in the deformation 



f(2n) = V2^+T , f(2n - 1) = 1 . (7-1) 
This is an example of the deformation (5-3). The states \\ch) and \\sh) can be written down 



as 

oo 2n 



h) = |0> + E -^rV( 2n l 2n > > ( 7 ' 2a ) 
rf^i y/(2n)\ 



„2n+l 



\ sh ) = E 7= = V( 2 ^ + !) !! l 2n + !> > ( 7 ' 2b ) 
n=o v /(2n+ 1)! 

r ch = 1 + E [J ^r( 2n ~ !) !! = ex P (|7| 4 /2) , (7-3a) 

oo /I |2\2ra+l 

^ = E o'i^, ^ + 1)!! = |7| 2 exp(| 7 | 4 /2) . (7-3b) 
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The relation between \ch) and \sh) is given in the relation (5-4). The states \ch) and \sh) 
obey 



-l 



/4f + lj f_|c/i) = (7 /2)|c/i) , (7-4a) 

(^+3)" 1 f_| S / i ) = ( 7 2 /2)|^) • (7-4b) 
In this case, F c h(|7| 2 ) and F s ^(|7| 2 ) are expressed in the form 

i^(N 2 ) = i^(|7| 2 ) = 1 • (7-5) 
Then, for both cases, (7,7*) is obtained exactly as 



7 = Vv^c , 7* = V V2c* . (76) 
The expectation values (f(N)f(N+ l)) c h and (f(N)f(N + l)) sh are calculated as follows : 

(f(N)f(N + l)) ch = £ M^v/^TT • e-H 4 /2 , (7 .7a) 

-y/2^+3-e'^ 4 / 2 , (77b) 
As is given in Appendix B, we have the following approximate expression : 

V [bf/2T v / ¥T ^ . e - W V2 „ / 4t+ | 7 |4 . (7 . 8) 

n=0 n! 

With the use of the relation (7-8) in the form (7-7), we obtain 



00 

E 


(l7| 4 /2f 


n\ 


n=0 


oo 

E 

n=0 


(i7i 4 /2r 





VV2 + I- 


c| 2 = 


A/ 2 + |c 


2 


^3/2 + 1- 


' = 



(79a) 



(r_) sh ~ cp/2 + |c| 2 = r_(3/4) . (79b) 

Of course, we used the relation (7-6). Thus, under the high accuracy mentioned in Appendix 
B, the deformation (7-1) gives us the relation of the Poisson bracket of the su(l, l)-algebra. 

Our main interest in this section is to discuss the expectation values of f+f_, TqT- and 
t 2 for the states \ch) and \sh) adopted in this section. For this aim, the following formula 
is useful : 

(c*VU = |7| 4 (1 + |7| 4 ) , 
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c*c 3 U = 7 2 | 7 | 4 £ ^^V2^+3 • e-N 4 /s , 
' (l7| 4 /2)" 



c\ h = 7 4 E 



ra=0 



n! 



(2n+ l)(2n + 3) • e" 



l7| 4 /2 



(7-10a) 



c*VU=| 7 | 4 (3+| 7 | 4 ) , 



c*c 3 U = 7 2 



(l7| 4 /2f 



c 4 U = 7 4 E 

n=0 



n=0 
4 /o'ln 



71! 



n=0 



(17172) 



71! 



v / (2n + 3)(2n + 5) ■ e 



l7| 4 /2 



V2n + 3 



-|7| 4 /2 



(7-10b) 



With the case of the formula (7-10), (r + r_) c/l , (t t_) c/i , (r 2 ) ch , (r + r_) sh , (r r_) s/l and (r 2 ) sfe 
are calculated as 



(r+r_) c/l = |c| 2 (l/2 + |c| 2 ) , 
(r r-) ch ~ c/4 

(r 2 U~c 2 v / (l/2 + |c|2)(3/2+|c|2) , 



^1/2 + |c| 2 + 4|c| 2 ^/3/2 + |c| 



(7-lla) 



(r+r_) s/l = |c| 2 (3/2 + |c| 2 ) , 



(t t_) s/i ~ c/4 



3^/3/2+ |c| 2 + 4|c| 2 v /5/2+ |c| 2 



(^U ~ c 2 v /(3/2 + |c| 2 )(5/2+|c| 2 ) , 



(7- lib) 



Of course, we used the relations (5-27) and (7-8), together with the relation (7-6). 

As is clear from the relation (7-4), the form (7-11) cannot be expressed in terms of simple 
product of (r±fi)ch and (r± :0 ) sh . However, the forms (7-9) and (7-11) give us the following 
relation : 

(r T-) ch /(T ) ch (T_) ch 



1 + 4 


c 


2 ^(3/2 + 


c 


2 )/(V2 + 


C 


2 ) 


1 +4|c 


2 



(r 2 -) ch /(r-) 2 ch ~ V3 • ^(1 + (2/3)|c| 2 )/(l + 2|c| 2 ) , 

(T+T_) sh /(T + ) sh (T_) sh ~ 1 , 



(7-12a) 



{ror-)sh/{ro)sh{r-)sh 



l + (4/3)|c 


2 7(5/2 + 


c 


2 )/(3/2 + 


C 


2 ) 


l + (4/3)|c 


2 



(r 2 -)sk/(r-)l h ~V /5 73- V / (l + (2/5)|c| 2 )/(l + (2/3)|c| 2 ) 



(7- 12b) 



On the contrary, we have the form for the case discussed in §6 as follows : 

12 

12 ' 



(T + T-) ch /(T + ) ch (T_) ch = - ^ 
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2 



l + 20|c 

|2~ 



(T T-) ch /(T ) ch (T_) ch = 

1 + 4|c| 

(r!)c/(r_)^ = 12 , (7-13a) 

l + (5/3)|c| 2 



(r + r_) s/l /(r + ) sh (r_)^ 



l + (2/3)|c| 2 ' 



^ ^ //^ r-r ^ l + (20/9)|c 



2 



l + (4/3)|c| 2 ' 

(r!) s ,/(r_)^ = 20/3 . (7-13b) 

The relations (7-12) and (7-13) tell us the following feature : The expectation values of 
f+f_, tqT- and f 2 are, of course, not equal to the products of the expectation values of T± t o- 
However, compared with the case (7-13), the case (7-12) makes the expectation values of 
the products approach to the products of the expectation values. For example, the relation 
(7-12a) shows us that, in the case of (ToT-) c h/(To) c h(T-)ch, at |c| 2 = and |c| 2 — > oo, this 
ratio is equal to 1 and around |c| 2 = 0.40, this ratio takes the maximum value 1.2787. The 
case (7- 12b) is also in the same situation as the above. In this case, around |c| 2 = 1.20, 
the maximum value appears as 1.1050. The ratios (T 2 ) ch /(r_)l h and (T 2 ) sh /(T_) 2 h show the 
feature that at |c| 2 = they have the maximum values and y / 5/3, respectively, and 
gradually decrease to 1 at the limit |c| 2 — > oo. In the case of \ch°) and \sh°), the ratios 
defined in the relation (7-12) or (7-13) are exactly equal to unity in any region of |c| 2 . In 
relation to the above statement, we contact with the states \ch) and \sh) in §5. This case 
also satisfies the relation of the Poisson bracket approximately. However, the ratios defined 
in the relation (7T2) or (7-13) are not equal to 1, for example, as shown in the following : 



l+4|c 

(T + T_) ch /(r + ) ch (T_) ch ~ - + 2 ' , (7- 14a) 



2 
~2 

2 



1 + \c\ 

(r+T-) sh /(r + ) sh (r-) sh ~ l + { 2/Z)\c\ 2 ' (7-l4h) 

The relation (7-14) suggests us that the states \ch) and \sh) for the ratio (7-14) are in the 
intermediate situation between the states \ch) and \sh) for the ratios (7-12) and (7-13). This 
is a reply of the promise mentioned in the final part of §5. 

The above analysis gives us a suggestion mentioned below. The set (T± t o(t);t = 1/4, 3/4) 
shown in the relation (3-12) denotes a classical counterpart of the su(l, l)-algebra defined 
in the relation (2-3). We know the boson-pair coherent state which leads us to the classical 
counterpart (3-12) through the expectation values of (r ±j0 ), i.e., the states (6-2a) and (6-2b). 
The expectation values are parametrized in terms of a quite simple function for the variable 
(c, c*). Therefore, the deviation of the expectation values of the products of (f± )0 ) from 
the corresponding products of the expectation values of (f± i0 ), means a kind of quantal 
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fluctuation and it seems to be rather large. On the other hand, the states (3-2a) and (3-2b) 
cannot lead us to the relation (3-12) and the expectation values parametrized in terms of 
(c, c*) are of the complicated form. However, concerning the products of (t± o), the forms 
are simply produced. This means that, at the stage of calculating the expectation values 
of (f±,o)) the fluctuation is taken into account and it is rather large. The states (7-2a) and 
(7-2b) are in the intermediate situation. The fluctuation contained in the expectation values 
of (j±,o) is n ot so large and the fluctuation contained in the product is also not so large. 
Therefore, further comparative investigation may be an interesting problem. 



§8. Deformation in the boson mapping method 

In this paper, we have investigated various deformations for the boson-pair coherent state. 
Characteristic point discussed in this paper can be found in stressing the even-odd boson 
number difference. As was mentioned in §1, our treatment 2 )" 4 ^ was performed by using the 
MYT boson mapping method. However, in this paper, we treated the deformation in the 
original boson space. 

As a final discussion, we mention the relation of the present treatment to the boson 
mapping. For this aim, we prepare another boson space constructed by the boson (d, d*). 
The orthogonal set is given by {\n}} : 

\n) = (1/Vn!) • d* n \0) , (d|0) = 0) . (8-1) 

The mapping operator can be defined as 

oo 

U^) = ]T \n)(2n\ , (8-2a) 

n=0 

oo 

C/(°) = J2\n)(2n + 1\ . (8-2b) 



n=0 



Here, it should be noted that the boson image of \2n) is the same as that of \2n + 1), i.e., |n). 
In this paper, the even and the odd boson number states are treated separately and, then, 
the confusion does not happen. The operators (f± i0 ) are mapped on the following forms : 

r±,o(e) = U^f ±fi m , (8-3a) 
r±,o(o) = f>(°)f ±i0 f> (o)t , (8-3b) 

f+(e) = d*\[l/2 + ¥~d , f_(e) = y/l/2 + d*d d , 

f (e) = d*d+ 1/4 , (84a) 

f+(o) = d*^3/2 + d*d , f_(o) = v/3/2 + d*d d , 

f (o) = d*d + 3/4: . (84b) 
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The form (8-4) should be compared with the form (3-12). 

The images of \ch) and \sh), which we denote \ch) and \sh), respectively, are given in the 
form 

-l 



\ch) = uv\ch) = (Jr ch ) \\ch) , 



,h) = U {o) \sh) 



\sh) , 



oo 2n 

\ ch ) = |0) + £ -^=/(°) • • • f(2n - l)\n) , 



n=l 



(2n)\ 



oo ^2n+l 

sh ) = E 7= = /(0) • • -/(2n)|n) . 

n=0 



V(2«+l)! 

The states ||c/i) and can be rewritten as follows : 

7 2 . /(2M)/(2M+1) 



(8-5a) 
(8-5b) 

(8-6a) 
(8-6b) 



||c/i) = exp 
|| s/i) = 7 exp 



v/2 



2M+ 1 



10), 



f 2 > /(2M + l)/(2M + 2) 



— 

>/2 



+ 3 



10), 



(8-7a) 
(8-7b) 



M = d*d . 



It is interesting to see that \\ch) and \\sh) are deformed from the conventional boson coherent 
state exp((7 2 / v / 2) • d*)|0). 

Let us discuss three typical examples. First is as follows : 



f(2n) = 1 , f(2n - 1) = 1 . 
This case corresponds to |c/i°) and |s/i°) treated in §2. In this case, we have 



\ch) = exp 
\sh) = 7 exp 
Second is the case discussed in §6, i.e., 



(7 2 /2)^(v / V2 + M)- 



(7 2 /2)d*(v /3 / 2 + M ) _1 



10), 
|0). 



/(2ra) = 2n+l, f(2n - 1) = 1 . 



The above gives us 



|c/i) = exp 
\\sh) = 7 exp 



7VVI/2 + M 



-f 2 d*^3/2 + M 



10), 
|0). 



(8-9) 

(8-10a) 
(8-10b) 

(8-11) 

(8-12a) 
(8-12b) 
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Third case corresponds to the deformation (7-1), i.e., 



f{2n) = V2n + 1 , f(2n - 1) = 1 . (8-13) 

We have 

\\ch) = exp (j 2 /V2 ■ cf ) |0) , (8- 14a) 

\\sh) = 7exp (j 2 /V2- cf) |0) . (8- 14b) 

We can see that the states \\ch) and \\sh) shown in the relation (8-14) are identical 
with the conventional boson coherent states and \\ch) is of the same form as \\sh). The 
operators, for example, (f± t o) acting on the states \\ch) and \\sh) are different from each other. 
Therefore, the expectation values are different for each other. It may be self-evident that the 
states (8-10) and (8-12) are deformed from the states (8-14) by the functions (\/l/2 + M)~\ 
(\/3/2 + M) _1 , y/l/2 + M and ^3/2 + M. The extended versions of these two cases are 
adopted in Ref.l). In this sense, it may be interesting to investigate the extension of the 
state (8-14) for the model adopted in Ref.l). 

In this paper, Part (I), we discussed the boson-pair coherent states with the even- and 
the odd-boson number separately, but, intimately. Therefore, one defect can be found in the 
point that the expectation value of c (or c*) itself cannot be calculated. In order to make 
it possible, we must unify the two states \ch) and \sh). Prototype of this work is found in 
Ref.9), where only a certain special case was discussed and, then, in (II), we will extend the 
idea mentioned in Ref.9). 

Appendix A 
The proof of the relations (3-11) 

The aim of this Appendix is to give the proof of the relations (3-lla) and (3-llb). In the 
region | 7 | 2 ~ 0, F c?l o(| 7 | 2 ) and F sh o(\^\ 2 ) shown in the relations (3-7a) and (3-7b), respectively, 
are expressed as 

i^o(| 7 | 2 ) ~ 1 + (1/3)| 7 | 4 - (1/45)| 7 | 8 , (A-la) 
^ (l7| 2 )~3 + (l/5)| 7 | 4 -(l/175)| 7 r (A-lb) 

On the other hand, the asymptotic forms in the limit | 7 | 2 — > oo are given as 

i^o(| 7 | 2 ) — |7| 2 , (A-2a) 
F^o(| 7 | 2 )^| 7 | 2 + l. (A-2b) 
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Our present aim is to get possible approximate expressions of -F c /i°(|7| 2 ) an d F s f l o(\'y\ 2 ), which 
reproduce the above two limiting cases, in terms of 2|c| 2 . Concerning the case |7| 2 ~ 0, the 
relation (3-9) combined with the form shown on the right-hand side of the relation (AT) 
leads us to the expression 

i^o(| 7 | 2 ) ~ 1 + (1/3) • 2|c| 2 + (4/45) • (2|c| 2 ) 2 , (A-3a) 
^o(|7| 2 ) ~ 3 + (3/5) • 2|c| 2 + (12/175) • (2|c| 2 ) 2 . (A-3b) 

Under the initial condition |7| 4 = 2|c| 2 , the above expression is derived iteratively. Therefore, 
the above form is effective in the case 2|c| 2 ~ 0. Under the same procedure as that in the 
case |7| 2 ~ 0, we can derive the following expression for the case I7I 2 — > 00 : 

F c ,o(| 7 | 2 )^2|c| 2 , (A-4a) 
i^o(| 7 | 2 )^2|c| 2 + 2. (A-4b) 

Of course, the above form is useful for the case 2|c| 2 — > 00. 

With the use of the expressions (A-3) and (A-4), let us derive an unified approximate 
form which includes the above two limiting cases. First, we define the function G c ^o(2|c| 2 ) 
and G s ho(2\c\ 2 ) through the relation 

F ch »(\ 1 \ 2 ) = G ch0 (2\c\ 2 ) + 2\c\\ (A-5a) 
^o(|7| 2 ) = GUo(2|c| 2 ) + (2|c| 2 + 2) . (A-5b) 

Then, G ch o(2|c| 2 ) and G sh o(2\c\ 2 ) should obey the following form : 

G c ,o(2|c| 2 ) ~ 1 - (2/3) • 2|c| 2 + (4/45) • (2|c| 2 ) 2 , 

G sh o(2\c\ 2 ) ~ 1 - (2/5) • 2|c| 2 + (12/175) • (2|c| 2 ) 2 , (for 2|c| 2 ~ 0) (A-6) 
G c ,o(2|c| 2 )~0, 

G sh o(2\c\ 2 ) ~ . (for 2|c| 2 -> 00) (A-7) 

As a possible candidate which includes the both limiting cases unifyingly, we can find the 
following form : 

G cW) (2|c| 2 )~# c ,o(2|c| 2 ) 

= exp [- ((2/3) -2|c| 2 + (2/15) • (2|c| 2 ) 2 )] , (A-8a) 



G s / l «(2|c| 2 )~iJ s ,o(2|c| 2 ) 



= exp 



2/5) -2|c| 2 + (2/175) -(2|c| 2 ) 2 )] . (A-8b) 
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Table I. a 



initial value of 2 


c 


2 


171 


resultant value of 2 


c 


2 


0.10 


U.OilU 


0.1000 


0.25 




0.2501 


0.50 


D 779^ 


0.5007 


l.U 


1 9D^Q 
i.zuoy 


l.UUol) 


2.0 


2.0759 


2.0116 


3.0 


3.0203 


3.0060 


4.0 


4.0041 


4.0015 


5.0 


5.0006 


5.0002 


6.0 


6.0001 


6.0000 


7.0 


7.0000 


7.0000 



The above form has been shown in the relation (3-11). It is easily verified that the relation 
(A-8) is reduced to the forms (A-6) and (A-7) at the conditions 2|c| 2 ~ and 2\c\ 2 — > oo, 
respectively. 

The validity of the approximate expressions (3- 11a) and (3Tlb) can be checked in a way 
mentioned below. The relation (3-9) gives us the following form : 

| 7 | 2 = v/2|c| 2 -[iJ c/l o(2|c| 2 ) + 2|c| 2 ] , (A-9a) 
|7| 2 = y/2\c\*-[H ah o(2\c\*) + (2\c\* + 2)] . (A-9b) 

On the other hand, the relation (3-9) can be rewritten as 

2|c| 2 = iTl'-^odTl 2 )- 1 = l7| 2 tanh| 7 | 2 , (A-10a) 
2|c| 2 = | 7 | 4 • ^.(bl 2 )- 1 = |7| 2 coth | 7 | 2 - 1 . (A-10b) 

Substituting various values of 2|c| 2 (the initial values of 2|c| 2 ) into the relation (A-9), we have 
the value of | 7 | 2 corresponding to each 2|c| 2 . Then, substituting the values of | 7 | 2 into the 
relation (A-10), we have the value of 2|c| 2 corresponding to each | 7 | 2 (the resultant values 
of 2|c| 2 ). Then, if the resultant value of 2|c| 2 coincides with the initial value in the region 
< 2 1 c| 2 < oo in high accuracy, the expression (3-11) is well approximated. Tables la and 
lb show the results based on the above procedure. We can see that the expression (3-11) is 
rather well approximated. 
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Table I. b 



initial value of 2 c 


2 


171 


resultant value of 2 


c 


2 


0.10 


n ^^9 


0.1000 


0.25 


u.ooou 


0.2500 


0.50 


1 9877 


r\ a r\r\ r\ 

0.4999 


1.0 


i.yioo 


r\ C\C\C\r\ 

0.9990 


2.0 


z.y i uo 


1.9918 


3.0 


O.y ( UO 


2.9796 


4.0 


A Qfi79 


3.9676 


5.0 


o.yooy 


4.9590 


D.U 




o.yo4z 


7.0 


7 9526 


6.9526 


8.0 


8.9530 


7.9530 


9.0 


9.9548 


8.9548 


10.0 


10.9571 


9.9571 


20.0 


20.9762 


19.9762 


50.0 


50.9902 


49.9902 



Appendix B 

The interpretation of the relation (7-8) 

The interpretation of the relation (7-8) starts in the following relations : 

v/xTT^ 1 + (l/2)a;- (l/2)(Ve + T + 1)~V , (x>e) (B-la) 
+ 1< 1 + (l/2)x - (l/2)(Ve + 1 + 1)"V , (-l<x<e) (B-lb) 



n n 

2 ^e-"° ~ C(n ) , C(no) 

n=0 

no 



™° + 2 'l + (10/21) ^ 



47m + 2 
1 / 



(1/10) 



n + 1 / 
no \ 



K + l) z 



The proof of the relation (B-l) is performed through the identity 



VxTT - [1 + (1/2)2; - (i/2)( v / FTT + i)~V 

= (l/2)a; 2 (2;-e)(v / ^TT+v / i 7 TT + 2)(v / ^TT+l)" 2 

x( v / i 7 TT+ i)" 2 (v^TT+ v 7 ^^)" 1 • 



(B-2) 
(B-3) 



(B-4) 
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Table II. a 


n 


l^n=0 n 0/ n - e 




i 
l 


U. ( ODO 


U. ( ODO 


2 


0.6768 


0.6766 


3 


0.6472 


0.6471 


4 


0.6288 


0.6285 


5 


0.6160 


0.6154 


6 


0.6063 


0.6055 


7 


0.5983 


0.5977 



Table II. b 



HQ 


n n ° In J ■ p~ n o 




1 
1 


U.OU i a 


U.OUoZ 


2 


0.2707 


0.2710 


3 


0.2240 


0.2244 


4 


0.1954 


0.1956 


5 


0.1755 


0.1756 


6 


0.1606 


0.1607 


7 


0.1490 


0.1491 



Concerning the relation (B-2) and (B-3), they are trivial at n = and at n — > oo, they show 
well-known asymptotic behavior. The behaviors in the region no = 1, 2, 3, • • • are checked 
numerically and they are shown in Tables Ha and lib. 
First, we note two relations 



Vn + 2t = Vn + 2tjl + - — ^, (B-5) 
V n + 2t 



n? 



J2 n - -J- e ~ n ° = n o • (B-6) 



n=o n 



Hereafter, we treat n as a positive integer. For n — n + 1, n + 2, • • •, the relations (B-la) 
and (B-5) give us 



Vn + 2t > f{n;n Q t) , (n = n + 1, n + 2, • • •) (B-7) 



/(n; n t) = v^o + 2i 

1 / n — n 



x 



1 + 



Vn + 2t 



2\n + 2tJ 2 \y/no + l + 2t + ^n + 2t) \n + 2t 



n — uq 



Here, for the application of the relation (B-la), x and e are regarded as 



n — n 1 
x = — , e 



n + 2t n + 2t 



(B-7a) 



(B-8) 



Of course, we have 



Vn + 2t < f{n; not) . (n = 0, 1, 2, • • • , n ) 



(B-9) 
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With the use of the relation (B-7), the following inequality is derived : 



oo n 

Ibn 



oo „_n 



n=0 

oo 



Ibn 



n=no J r l 



n=0 



nl 



n=no+l 

Fx + F 2 , 



n=0 



oo n 

Ibn 



^i = E-T/( n ;noO > 
F 2 = - E "J n °t) ~ Vn~+2i) 



n=0 



After a simple calculation, Fi is reduced to 

F 1 = VnJ+2t[l-A (n ,t)]e no , 

ZioK, = (l/2)n • (n + 2t)~ l [y/n + 2t + Vn + 1 + 2t 
Here, we used the relation 

oo n 

The part F2 is expressed in the form 

F 2 = -vW+2t • Z\ (n , t)/n 



n n n 



X 



E -r( n o - n) 2 (n - n + 1) • g(n; n t) , 



n=0 



#(n; not) 



y/nTl^ + y/n + 1 + 2t + 2Vn + 2t 
{y/n + 2t + Vn + 2t) 2 (Vn + 2t + Vn + 1 + 2t) 2 



(B-10) 

(B-10a) 
(B-10b) 

(B-ll) 
(B-12) 

(B-13) 



(B-14) 
(B-15) 



Since g(x;n t) > 0, g'(x;not) < and g"(x;not) > in the region < x < n , g(n;not) 
satisfies 



gin; n t) < g(n ; n t) + (g(n ; n t) - g(0; n t))/n ■ (n - n ) 
Therefore, F 2 obeys the following inequality : 



(B-16) 



no n n 



g(n ; n t) V -7(710 - n) 2 (n -n + 1) 

n=0 Ul 



F 2 > - y/no + 2t ■ A (n ; t)/n ■ 

+ (^(0; not) - g{n ; n t))/n Q • E "T^o - n) 3 {n -n + 1) 



no n 

Ibn. 



n=0 



71! 



(B-17) 
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In the succeeding calculation, the following formula is useful : 



no n n 



"o „n 

I in 



E^K-n) 2 = n E^-no-^, 



n=0 



n 



n=0 



n i 



no n n 



n n ° 



"o „n 

I In 



E -jK - n) 3 = n (2n + 1)^ - n £ ^ , 



n=0 



n 



no 



n ! 

no „n 

/in 



71=0 



n! 



E ^t(™o - ™) 4 = n {3n + 1) E ~7 ~ n (6n + 1) • ^-r 

no! 



ra=0 



n! 



n=0 



n! 



The relation (BT8) leads us to 



no „n n 

E^K-n) 2 K-n+l) = 2n^ 



n=0 



n! 



n ! 



~ 2n 2 D( y n )e no , 



no „n 

I in 



m n™ 



E ^("o " -) 3 K -n+l) = 3n 2 E3"- ^ 

n=0 n! n=0 n! n ! 

~n 2 [3C(n )-4 J D(n )]e no 

Then, the inequality (B-17) becomes 

F 2 >~ Vn + 2t ■ A (n ;t) 

2((n + 2)(?(n ; n t) - 2^(0; n *))£>K) 



x 



+3(#(0; no*) - 0(n o ; n i))C(n ) 



o n 



The relations (B-10), (B-12) and (B-20) give us 

00 n n 

E -^V^+Tt ■ e~ n ° > Vn + 2t (1 - A(n , t)) , 



n=0 



n! 



Z\(n ,t) =A Q (n ,t) 

x 1 + 2((n + 2)#(n ; not) - 2g(0; n t))D(n ) 

+3(^(0; not) - g(n ; n t))C(n ) 
On the other hand, we have the relation 

E -j (vWT2t - %/n + 2t) 

n=0 U - 

= (1/2) (yn + 21) E (V"o + 2t- Vn~+2t) >0 



n=0 
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Fig. 1. A(n ,t) with t = 1/4,3/4 and 5/4 are depicted. 



namely, 



-no 



y/n Q + 2t > Y -rVn + 2t ■ e 

n=0 ,l - 

Thus, the relations (B-21) and (B-23) give us 

Vn + 2t > ~jVn + 2t ■ e~ n ° > Vn + 2t (1 - A(n , t)) . 



n=0 



n! 



(B-23) 



(B-24) 



The above inequality is derived under the condition no = 0, 1, 2, • • •. We regard this relation 
as that satisfying in the case of any positive number. Figure 1 shows numerical results of 
A(n ,t) and, through these results, we can conclude that the relation (7-8) may be accept- 
able. 
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